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^ ■ Abstract 



The paper presents estimates for the number of negative eigenval- 
^n ' ues of a two-dimensional Schrodinger operator in terms of L log L type 

Orlicz norms of the potential and proves a conjecture by N.N. Khuri, 
A. Martin and T.T. Wu. 



1 Introduction 

en ■ 
> ■ 

(^ , According to the celebrated Cwikel-Lieb-Rozenblum inequality, the number 

m I A^_(^) of negative eigenvalues of the Schrodinger operator —A — V, V > 

^ I on L2(M'^), c? > 3 is estimated above by 

O ■ const / V{xY'^dx. 

It is well known that this estimate does not hold for d = 2. In this case, the 
k^ . Schrodinger operator has at least one negative eigenvalue for any nonzero 

'j_| ! ^ > 0, and no estimate of the type 



N^{V) < const + / V{x)W{x) dx 

can hold, provided the weight function W is bounded in a neighborhood of 
at least one point (see [10]). On the other hand. 



N_{V) > const / V{x)dx 
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(see [H]). Upper estimates for N_{V) in the case d = 2 can be found in 
la El El [ini [13 [201 EB [23 I2S1 [2H1 ED] and in the references therein. Following 
the pioneering paper [29], we obtain upper estimates involving LlogL type 
Orlicz norms of the potential (Theorems 13. 11 [GTT] anf [7!T|) and prove (Theorem 
[43D a conjecture by N.N. Khuri, A. Martin and T.T. Wu ([IT]). In fact, 
we show that the main estimate in [2H] is actually stronger than the one 
conjectured in [T7] (see Section [H] below). Our approach does not seem to 
be sufficient to settle the stronger conjecture by K. Chadan, N.N. Khuri, A. 
Martin and T.T. Wu ([7]; see (ESj), (Ml). 

We discuss several upper estimates for N-{V) in the paper and show in 
Section [8] how they are related to each other (see the diagram close to the 
end of Section [S]). All of them involve terms of two types: integrals of V 
with a logarithmic weight and LlogL type (or Lp, p > 1) norms of V. None 
of these estimates is sharp in the sense that N^(y) has to be infinite if the 
right-hand side is infinite. On the other hand, both the logarithmic weight 
and the LlogL norm are in a sense optimal if one tries to estimate A^_(V^) 
in terms of weighted integrals of V and of its Orlicz norms (see [2^ Section 
4] and Section [HI below) . It is probably difficult to obtain an estimate for 
N^{V) that is sharp in the above sense. Indeed, there are potentials ^ > 
such that N^{aV) < oo for a < 1 and N-{aV) = oo for a > 1. For such 
potentials, N^{V) may be finite or infinite, and in the latter case, N^{aV) 
may grove arbitrarily fast or arbitrarily slow as a —t- 1 — (see Theorem 19.31 
and Appendix B). 



2 Notation and auxiliary results 

We need some notation from the theory of Orlicz spaces (see [TSj [28]). Let 
(f2, S,/i) be a measure space, let <l> and "^ be mutually complementary A^- 
functions, and let L$(f2), L^(r2) be the corresponding Orlicz spaces. (These 
spaces are denoted by L^{Q), L^{Q) in [18], where fi is assumed to be a 
closed bounded subset of M.'^ equipped with the standard Lebesgue measure.) 
We will use the following norms on L^(r2) 



vt o = sup 



fgdu 



n 



^g)dfL < 1 



n 



and 



l(^) = \\J\\i'i',n) = inf<^ft;>0: hn i-jdfi<li 
These two norms are equivalent 

"" "w<||/lk<2||/||(*), yfeL^in). 



(2) 
(3) 



Note that 



^(J-]dfi<Co, Co>l 



(*) < CqKq. 



(4) 



Indeed, since \l/ is even, convex and increasing on [0, +00), and ^1/(0) = 0, we 
get for any k > CqKq, 



^{ -]di2< [ ^ ( -^ 1 dfi < 



K 



Co^o 






It follows from (^ with kq = 1 that 



(^) < max <^l, I '^{f)dfi 



dfi < 1. (5) 



(6) 



We will need the following equivalent norm on L,j,(r2) with /i(fi) < 00 which 
was introduced in 



r = 11/11?:^= sup 



[ fgdfx : [ ^g)dfx<fiin)]. (7) 

Jn Jn ) 



Lemma 2.1. 

min{l,/i(fi)} ||/||^,f, < ll/llg < max{l,Mfi)} \\fh,n 
Proof. Let 

(7 : j ^g)dfi < l| , Mn:=L: j Hg)dfi < /i(fi)| . 

Suppose /x(f2) > 1. Then, clearly, ||/||^,f7 < ||/||^n- It is easy to see that 

1 



geun 



/x(f]) 



gen, 



(cf. (P). Hence 



(av) 

*,n = sup 



fgdfj, 



< sup 

/16B1 



f ■ {fiin)h)dfi 



Kmfh,n. 



Suppose now /i(f2) < 1. Then H/ll^"^ < ||/||*,n and 

geMi ^ fi{Q)g eMn. 
Hence, 



/i(fi)||/lk,n = yU(fi) sup 



fgdfj^ 



< sup 



fhdfi 



(av) 
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We will need the following pair of mutually complementary A^-fuctions 

^(s) =el'l-l- |s|, i3(s) = (l + |s|)ln(l + |s|)-|s|, s G R. (8) 

We will use the following standard notation 

a+ := max{0, a}, a G M. (9) 

Lemma 2.2. i s ln+ s < B{s) < s + 2s ln+ s, Vs > 0. 

Proof. Integrating the inequality 

1 + In s = In(es) < ln(l + 3s) < 2 ln(l + s), s > 1, 

one gets sln+ s < 2B{s). 
If s > 1, then 

B{s) = (l + s)ln(l + s) -s < 2sln(2s) -s = (21n2 - l)s + 2slns 

< s + 2slns. 

If s G [0, 1), then integrating the inequality ln(l + s) < s one gets 
(1 + s) ln(l + s)-s<-s^ <-s<s. 



u 



Lemma 2.3. E{s) <\s^, \s^ < A{s) < f s\ Vs G [0, 1]. 



Proof. The first inequality was proved at the end of the proof of Lemma [2T2l 
the second one is obtained by integrating the inequality 1 < e^ < e, s G [0, 1] 
twice. n 

Lemma 2.4. e" < 2^(s) + |, Vs > 0. 

Proof. 

Hence 

e^ =^(s) + l + s< 2^(s) + -, Vs>0. 
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Lemma 2.5. Let /i(f^) > 1. Then 



g<ll/b,f. + ln(^M^)) II/IImo,,). 



\B,n 



(av) 

B,n 



Proof. Since ||/||i|^^^ = |||/|||b';I] and \\f\\B,n = \\\f\\\B,n, we can assume with- 
out loss of generality that / > 0. In this case, 

snpl fgdfi: g>0, / A{g)dn < 1 k 
IJn Jn J 

snpl fgdfi: g>0, / A{g)dfi < /i(fi) \ . 
IJn Jn ) 

Take an arbitrary <? > with J^A{g)dfi < /i(fi) and set 

r 1 iig{x)<\n{lfi{n)), 

\ iig{x)>\n{lfi{n)), 
gi := gx + In (| /i(fi)) (1 - x), 92 := g - gi = {g - In (| /i(fi)) ) (1 - x)- 

Then g = gi + g2, ^ gi ^ ^^ (| /^(^)); and it follows from Lemma [2.41 that 
A{g2)di2= / A(g{x)-\n(-fi{n)]]dfi{x) 

ig(x)>ln(|Mf^)) 7/i(i2) Js^ 



Hence 



fgdji= / /5fi rf/i + / /5f2 c//i < In ( - /i(fi) ) / / rf/i + 
JQ JQ \^ / Jn 



B,n 



s,n + ln ( -/i(fi) ) II J WLiin,/,)- 
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3 A Solomyak type estimate 

Let Ti he a Hilbert space and let q be a Hermitian form with a domain 
Dom (q) C K. Set 

N_{q) := sup {dim£ | q[u] < 0, Vm G £ \ {0}} , (10) 

where C denotes a linear subspace of Dom(q). If q is the quadratic form 
of a self-adjoint operator A with no essential spectrum in (— oo,0), then by 



the variational principle, A^-(q) is the number of negative eigenvalues of A 

repeated according to their multiplicity (see, e.g., [31 SI. 3] or [5, Theorem 

10.2.3]). 

Let l^ > be locally integrable on M^. Consider 

^vH ■■= /i82 \Vw{x)\^dx - ^2 V{x)\w{x)\^dx, 
Dom (Sv) = Wl (M2) n La (M^ V{x)dx) . 

Theorem 3.1. There exists a constant C > such that 

N^{£v)<cUv\\B,n^+ I V{x)\n{l + \x\)dx\+l, VV > 0. (11) 

Proof. Let 

^y,mH := /q„ \Vw{x)\^dx - J^^ V{x)\w{x)\'^dx, 
Dom {Sv,m) = Wl iSlm) n La (fi^, V[x)dx) , m = 1, 2, 

where 



1^1 = S(0, 1) = {x e M^ : |x| < 1}, ^2 = K^ \ 5(0, 1) = {x € R^ : |x| > 1}. 
Then by the variational principle, 

iV-(^y) < iV-(^y,i) + iV-(^y,2) (12) 

(see, e.g., (TUl Lemma 3.5]). 

There exists an independent of V constant Ci > such that 

iV-(^y,i)<C7i||V||e,f,, + 1 (13) 

(see [291 Theorems 4 and 4', and Proposition 3]). 

Below, we use the complex notation z = x\ ^ 1x2 alongside the real one 

X = (xi,X2). Let 

V{z):=-^^v(-), w{z):=w{l/z), w e W^ (Q^) , \z\ < I 
\z\ \Z/ 

(cf. the proof of Proposition 5.3 in [S]). An easy calculation gives 
/ \Vw{y)\'^dy = / \Vw{x)\'^dx, 

V{y)\w{y)\^dy= [ V{x)\w{x)\^dx, 

^2 JQl 



and it follows from flT^ that 



V 



B,ni 



+ 1. 



(14) 



Let us estimate the norm in the right-hand side. It is more convenient to work 
with the Luxemburg (gauge) norm ([2]). Using the notation ( = yi+iy2 = 1/^;, 
we get for any k > 



B I ^ 1 dx 



Bi'mi^ci. 



IC|V(C) \ 



dy 



^ J\C\' 
[ ((l + - \y\'Viy)) In (l + i \y\'Viy)) - - \y\'Viy)) ^ dy 

< I ((l + ^\y\^V{y))\n(l + -V{y))--\y\'V{y)\^^dy 

+ / ±-(i + l\y\^v{y))\n{l + \y\')dy 

jq.2 \y\ ^ ^ ' 

^ Juo Jno \y\ 



'^2 

< 



1^2 

B[^^\dy+- [ Viy)\n{l + \y\)dy 



K 



Let 



Then 



kq := max 



+4 / ^ In (1 + \y\)dy. 

jQ.2 \y\ 

\V\\iB,n2): I V{y)\n{l + \y\)dy\. 
Ja.2 ) 



and 



see 



B 



V 






dx<l + 4: + A \y\--^ dy = 5 + Stt =: C2, 

'02 



(B,ni) 



<Comax< \\V 



\\V\\iB,n2), f V{y)\n{l + \y\)dy 
Jn2 



Now it follows from ([n])-([Il]) that 

N4£v) < Cs (\\V\\s,R2 + / V{x) ln(l + |x|) dx^ + 2, 



(15) 



where one can take C3 = Ci(l + 2C2). The last inequahty gives the estimate 
N_{Sv) < 2 for small V and it is left to show that one actually has N_{Sv) = 
1 in this case. 
According to Proposition 4.4 in [9], N-{Sv) = 1 provided 



sup / K{x,x')V{x) dx 



(16) 



is sufficiently small, where 



K{x, x') := ln(2 + |x|) + Ko{x, x), 

Kq(x, x) := ln+ -; r, X, X E M^, x ^ x' 

\x — x'\ 

(see (jnD). It is easy to see that 

sup ||Ko(-,a;')|U,M2 = ||^o(-,0)|U,K2 < cx) 

(see ([8])). Hence it follows from the Holder inequality for Orlicz spaces (see 
[281 §3.3, (17) and (14)]) that (IT6|) can be made arbitrarily small by making 
||^||b,ir2 + ||^||Li(R2,in(i+|x|)dx) Sufficiently small. In this case, N_{£v) = 1. 
Combining this with 0151) one gets the existence of a constant C > for 
which ([II]) holds. D 



Remark 3.2. Estimate flTT|) looks similar to the following one obtained in 
[26]: 

N_{Sv)<c(f V{x)\YiV{x)dx+ I V{x)\n{2 + \x\)dx]+l. (17) 

\Jv{x)>i Jm2 / 

An advantage of (TTT1) is that its right-hand side agrees with the semi-classical 
asymtotics N-{£av) = 0{a) as a — )■ +00. In fact. Theorems 13.11 and 16.11 are 
direct descendants of (146]) (see below) which was obtained in [29]. It turns 
out that the right-hand side of (ITT]) dominates that of (146]) . i.e. that (146]) is 
actually a stronger estimate than (TTT]) (see Section [S]). 

4 The Khuri-Martin-Wu conjecture 

Let K : M+ -^ [0, +00] be the non-increasing spherical rearrangement of V , 
i.e. let K be non- increasing, continuous from the right and such that 

|{x G W? : V;(|x|) > s}\ = \{x e R^ : V{x) > s}\ , Vs > 0, 



where \E\ denotes the two dimensional Lebesgue measure oi E (ZM."^. (Note 
that V^:{r) = V*{7ir'^), where V* is the standard non- increasing rearrange- 
ment used in the theory of Lorentz spaces; see, e.g., [331 1.8].) Then 

F{V4\x\))dx= f F{V{x))dx (18) 

for any measurable F > (see, e.g., [281 Ch. X, (1.10)]). 
Lemma 4.1. (Cf. [2]) There exists a constant C4 > such that 



\\V\\BM^<cJ\\V\\L,iu^)+ [ KdxDln+^rfxV W>0. 

Proof. It follows from the devinition of V^ that 

|{a: G R^ : V{x) > K(r)}| = |{x G R^ : V,{\x\) > K(r)}| 
> \{x e R^ : \x\ < r}\ = vrr^ Vr > 0. 

On the other hand, Chebyshev's inequality implies 



(19) 



.2_...^.......,. ll^lU. 



\{xeR' -.Vix) >V,{r)}\ < 



K(r) 
Hence 

K(r)<^%^. (20) 

Similarly to the proof of Theorem 13.11 it will be convenient for us to work 
with the norm ([2]). Let 



. \V\\l. 
Ki := max 

TT 



/ K(|a;|)ln+ —rrfx 
>/r2 fI 



Then it follows from Lemma 12.21 and (IT8l) , fl20l) that 



B(^^\dx<- [ Vix)dx+— [ r(x)ln+^^rfx 



<n + — I V;(|x|)ln+^rfx<7r + 4=:C5. 



Hence 



11^11(6,182) < C5 max <^ ii(i^^ / v^{\x\)\n+-—dx 

(see (HD), which implies ^ with C4 = 2C5 (see ([3])). D 
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Lemma 4.2. (Cf. [2]) 



V,{\x\)\n+ — dx<4n\\V\\t3,R2, \/V>0. 



\x\ 



Proof. Let D := {a; G M^ : |x| < 1}. The Holder inequality (see [2HI §3.3, 
(4)]) and ([H]) imply 



V,{\x\)\n+-^dx= [ V,{\x\)ln-^dx<2\\V, 

\X\ In \X\ 



<2||K(|-|)||(B,M^) 



In 



1 



(^,1 



2||V^||(B,R2) 



mi 



In- 



{A,0) 



{A,l 



A ( In 1 — j- j dx < / e '^ i==i (ix = / -j — r dx 

\x\ I In .In \x\ 



IT /•! 



1 drd^ = 2ti. 



■K JQ 



Hence 



In 



< 271 



{A,\ 



(see (H). 
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Lemmas 14.11 and 14.21 imply that Theorem 13.11 is equivalent to the following 
result. 

Theorem 4.3. There exists a constant Ce > such that 

N_{8v)<cJ f V{x)\n{2 + \x\)dx+ [ K(|x|) ln+ ^ rfx ) + 1, (21) 

\/V>0. 



Theorem 14.31 is in turn equivalent to the following estimate which was con- 
jectured in [17] 

N-{Sv) < ci / V^{\x\)\n+-—dx + C2 V{x)\n+\x\dx 

Jr-2 fI Jm2 

+ 03 [ V{x) dx + 1, (22) 



provided one does not care about the exact values of the constants. It is 
natural however to ask what the best constants in (l22l) are. It was conjectured 
in [7] that a similar estimate 

N_{£v) < di V^{\x\)\n+ — dx + d2 / V{x)\n\x\dx 

Jr2 \x\ Jj^2 

+ 4 / V{x) dx + 1 (23) 
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holds with 

2 

27rdi = 2, 27rd2 = 1, 271^ = -^ . (24) 

The difference between (122|) and (123|) is that the second integral in the latter 
can be negative. If V{x) = F{\x\) is a decreasing radial potential, then ( 122|) 
and (123|1 become 

pi POO 

N_[8v) < 27rci / rF(r) I In r I dr + 27rc2 / rF(r) In rdr 
Jo Ji 

oo 



and 



/"OO 

+ 2irc3 / rF(r) rfr + 1 
Jo 

pi poo 

N_{£v) < 2n{di-d2) rF{r)\\nr\dr + 27id2 rF{r)\nrdr 

POO 

+ 2nd3 / rF{r) dr + 1 
Jo 

respectively. This allows one to obtain lower estimates for ci, C2, C3 and di, 
d2, d^ from the known results on radial potentials and explains the values of 
di and ^2 in (^^. Theorem 5.2 in [20] suggests that one could perhaps try 
to prove (123|) with 2'iTd3 = 1. 



Remark 4.4. The proof of Theorem 14.31 relies on an idea from [261 Section 
5] where f lTT]) was used in place of flTTj) . 



5 The Birman-Solomyak method 

Our description of the Birman-Solomyak method of estimating N-{Sv) fol- 
lows [U [291 [31], although some details are different. 
We denote the polar coordinates in M^ by (r, -d), r & M_|_, i) G= (— tt, tt]. Let 

Mr):=^ f f{r,^)d^, Mr,^) := f{r,^)- Mr), / G C (M^ \ {0}) . 

Then 

f^{r, ?9) d^ = 0, Vr > 0, (25) 



and it is easy to see that 

[ fngN dx = 0, Wf,geC (r^ \ {0}) n L2 (M') . 

Jr2 
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Hence / i— ?■ Pf := f-ji extends to an orthogonal projection P : L2 (M^) — ?■ 

L2(M2). 

Using the representation of the gradient in polar coordinates one gets 

J^2 \ dr dr r^ d^ di9 J 

Hence P : W2 (M^) — ?■ W^j^ (M^) is also an orthogonal projection. 
Since 



\\7w\^dx= / |Vu77erdx+ / \Vwx\ dx, 
V\w\^dx<2 V\wTi\'^dx + 2 Vlw^l"^ dx, 

JR2 JMZ iR2 

one has 

N.{Sv) < N4£n,2v) + iV-(^Ar,2y), (26) 

where ^7e,2y and Sj\j-^2V denote the restrictions of the form S2V to PW2 (M^) 
and (/ - P)W^ (]R2) respectively. 

Remark 5.1. If the potential V is radial, i.e. V{x) = F{r), then it is easy 
to see that 

P{Vw) = VPw, Vw e L2 (M^) n L2 (M^ V{x)dx) , 

and one gets a sharper version of (126|) : 

iV_(^v) = iV4£:7ey) + iV_(£:^,v^) (27) 

(cf. [20]). 

Let us estimate the right-hand side of fl2Bl) . We start with the first term, 
i.e with the case of PW2 (M^) = {w e W^ (M^) : w{x) = w-jiir)}. Using the 
notation r = e*, w{x) = w-nij) = u(t), we get 

/ \Vw{x)\'^ dx = 271 I \u'{t)\'^dt, I |u7(x)pdx = 27r / |n(t)|V*dt, 

Jr2 Jr JE2 Jk 

\/(a;)|u;(a;)|^da; = 27r [ G{t)\u{t)\^ dt, 

2 Jm 

where 

2f rn 



G'(t) :=— / V{e\^)d^. (28) 

27r 
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(29) 



The above change of variable defines a unitary operator from PW2 (M ) onto 

X := lue Wl^^^{R) : ||n||x := v^ ( / \u\^dt+ / |n|V*rft J < 00 

Let Xq := {u e X : u{0) = 0} and 

Uo := iue VF2,ioc W ■ ""(0) = 0' / l^'l^ dt< oo\ . 
Let £^x,G5 "^Xo.G and S-h^^g denote the forms defined by 

[ \u'{t)\^dt- [ G{t)\u{t)\Ut (30) 

on the domains 

X n L2 (M, G'(t)dt) , Xor]L2{R,G{t)dt) and ?/o n L2 (M, G(t)(it) 
respectively. Since dim(X/Xo) = 1 and Xq C Tio, one has 

iV-(^7^,2y) = N4£x,2g) < N4£xo,2g) + 1 < iV-(^Wo,2G) + 1- 
It follows from Hardy's inequality (see, e.g., P^ Theorem 327]) that 

j \u\^dt + K I ^Y^dt<{AK + l) I \u\^dt, MueUo, Vk > 0. 

Jr Jr r\ Jr 

Hence 

N4Sno,2G)<N4S^,G), 

where 

S^,g[u]:= [\u{t)\^dt + K /"^^dt-2(4ft: + l) [ G{t)\u{t)\^ dt, (31) 

Jr Jr rl Jr 

Dom (S^^g) = Ho n L2 (M, G(t)dt) . 
It follows from the above that 

N.{^n,2v)<N^iS,^G) + l. (32) 

We estimate N_{£i^^g) by partitioning M into the intervals 

4:=[2"-i,2"], n>0, Jq :=[-!,!], /„ := [-2H, -2H-I], ,^ < Q, 

13 



and by using the variational principle to obtain 

iV_(£:«,G)<5^iV_(f,,G,n), (33) 



where 



^K,G,nN := / \u\^dt + K / y^c/t-2(4K+l) / G\u\'^dt, 

It I t \i\ It 

Dom (f«,G,„) = W^2 (4) n U {In, G{t)dt) , neZ\ {0}, 
Dom (£«,G,o) = {ue W^ilo) : m(0) = 0} H L2 (Jo, G(t)rft) . 

Let n > 0. For any A^ G N, there exists a subspace J-'at G Dom {Sf,^G,n) oi 
CO- dimension A^ such that 



I \N^ Ji / Ji 



Glul'^ dt < i ^-^ / Gdt] / InTcit, Vu G J", 



(see [211 the proof of Proposition 4.2 in Appendix]). If 

2(4/. + !)^ /" Grft<l, 
then £^K,G,nM > 0, Vu G J-V, and A^_(^K,G,n) < ^- Let 

^„ := / \t\G{t) dt, n ^ 0, A := / G'(t) rft. (34) 

Since |/„| /^ G dt < An, n ^ 0, it follows from the above that 

2(4«:+ 1)A < A^' ^ iV-(^«,G,n) < N. 

Hence 

N4£n,G,n) < [V2(4fi: + 1) A,j , (35) 

where [■] denotes the ceiling function, i.e. \a] is the smallest integer not less 
than a. The right-hand side of this estimate is at least 1, so one cannot feed it 
straight into (l33l) . One needs to find conditions under which A^_(£^K,G,n) = 0. 
It follows from ([72]), §3) that 

f G\u\^dt<AnG{K)(f \u'\^dt + K f Y^dt 

^ in \'J In *^ in I I 



where 



C{k) = — 1 + Vl + 4/t 



2VT- 



'4k 



2k, \ 2vi+4^- 1 
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Hence N_{S^^G,n) = 0, i.e. S^^G,n > 0, provided An < $(«), where 



$(k) : = 



K 



Ak 



VI 



2v'4K^ 



K 



2V4K+T 



(36) 



The above estimates for N_{£f^^G,n) clearly hold for n < as well, but the 
case n = requires some changes. Since m(0) = for any u G Dom(£^K,G,o), 
one can use the same argument as the one leading to (135|) . but with two 
differences: a) J-V can be chosen to be of co-dimension A^ — 1, and b) 
I Jo I /^ G dt = 2Ao. This gives the following analogue of (1551) 



N4£.,G,o)< 2v/(4«:+l)A -l<2v/(4«:+l)A. 



In particular, N_{S^^g,o) = if ^q < l/(4(4fi: + 1)). Using RemarkflO^l one 
can easily see that the implication An < $(k) =^ A^_(£^K,G,n) = remains 
true for n = 0. Now it follows from fl32l). fl33l) that 



iV„(£'. 



7^,2y. 



<1 + 



{neZ\{0}: An>'S>iK)} 



2{Ak + 1)a1 + 2 v/(4fi: + l)A, (37) 



and one can drop the last term in Aq < $(«;). The presence of the parameter 
K in this estimate allows a degree of flexibility. In order to decrease the 
number of terms in the sum in the right-hand side, one should choose k in 
such a way that $(k) is close to its maximum. A Mathematica calculation 
shows that the maximum is approximately 0.046 and is achieved at k ~ 1.559. 
For values of k, close to 1.559, one has 



An > $(k) =^ v^2(4k + l)An > V2(4K + l)$(fi;) 

Since \a\ < 2a for a > 1/2, (1571) implies 



0.816. 



N4Sti,2v) < 1 + 2V2{Ak + 1) J2 VX 

.4„><J>(k) 



with K ^ 1.559. Hence 

N^{S'R.,2v) < 1 + 7.61 



.A„>0.046 



•r\n ■ 



Let us rewrite this estimate in terms of the original potential V. Set 



Un ■■= {x e 
Uq ■.= {xe. 

Un := {x e 



92 . 



< |x| < e }, n > 



'^ < \x\ < e}. 



(38) 



< a; < e 



}, n<0. 
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Aq:= V{x)dx, An:= V{x)\\n\x\\dx, n y^ 0. (39) 

'Uo JUn 



and 



Then it follows from fl28l) . flMj) that An = 2tx An, and we have 
iV-(^7^,2y)< 1 + 3.04 ^ v^. 

A„>0.29 

Below, we will use the following less precise but nicer looking estimate 

iV-(^7^,2y)<l + 4 Y. V^- (^0) 

A„>l/4 

Remark 5.2. To the best of my knowledge, estimates of this type (without 
explicit constants) were first obtained by M. Birman and M. Solomyak for 
Schrodinger-type operators of order 2£ in W^ with 2£ > d (see [51 §6]). A. 
Grigor'yan and N. Nadirashvili ([lO]) obtained an estimate of this type for 
two-dimensional Schrodinger operators (see ( 149|) below). The Grigor'yan- 
Nadirashvili estimate is discusses in the next section. 

Returning to fl26|) . we need to estimate N^{Sj\f^2v)- To this end, we split M? 
into the following unnuli 

fi„ := {x G M^ : e" < |x| < e"+^}, n G Z. (41) 

It follows from f l25|) that 

f w{x) dx = 0, Vw G (/ - P)W^ (M^) , Vn G Z. 

Hence the variational principle implies 

N-iSM,2v) < $^iV-(^A/-,2y,n), (42) 

neZ 

where 

%2F,nM := 4^^ I VM;(x)|2rfx - 2 4^^ y(x)|«;(x)|2rfx, (43) 

Dom {£jv,2V,n) = Iw eW^ (fin) H L2 (fin, V^(x)rfx) : /^^ w dx = o| . 



It is clear that x H- e"x maps ?7o onto Un- So, any estimate for N_{Sj\f ^2V,o) 
that has the right scaling leads to an estimate for N^{Sj^,2V,n), and then an 
estimate for N_{£v) follows from ([26D, (gO]) and (gS]). 
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6 A Grigor'yan-Nadirashvili type estimate 

Let 

^n:=||V||fcl, Br,:=([ VPix)\x\^^^-'Ux] \ p > 1, neZ (44) 

\Jnn J 

(see dH])). 

Theorem 6.1. There exist constants Cj > and c > such that 

N_{£v) < 1 + 4 ^ v^ + C7 Y^ Bn, Vy > (45) 

A„>l/4 B„>c 

(see (EHD, dsn]);. 

Proof. According to Theorem 4' in |29] (see also Proposition 3 there), there 
exists C7 > such that A^-(£V,2y,n) < CyBu, \/n E 1< (see ( 143|) ). In particular, 
N_{£j^^2V,n) = if i3„ < I/C7, and one can drop this term from the sum 
in (^'. Now it follows from ([2S]), (HOD and (US]) that (US]) holds for any 

c < I/C7. D 

Remark 6.2. The above result is closely related to the well known estimate 
from [23: 

N4Sv)<l + Cs(\\{An)n>oh^^ + f2Bn], VV > 0, (46) 

V n=0 / 

where A„ = An, B„ = ^B^i for n E N, 
Ao:= /" l^(x)|ln|x||rfx, Bq = Hl/Hj,^^^, f^o = {x G M^ : |x| < e}, (47) 

||(a„,)„>o||ioo '■= sup (scard{n > : |a„| > s} 



and 



Note that 



{n.<0; B„>c} ri<0 
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(see [221 Lemma 3]), and that 

\a„\>c |a„|>c 

r>00 



\a„\ 1 



1 r°° 

= - / s~^'^ card {ra > : |a„| > s & |an,| > c} ds 
2 JO 

2 Jo maxjs, c| 

r-c _g-l/2 /-oo \ 2 

(is+ / s'^^'^ds] = —= ||(a„)„>o||i. 

'0 c 7c / vc 



(45 



(fln)»i>o|li 



Hence 



{n.eZ\{0}: An>c} {n<0: A„>c} {n>0: A„>c} 

^4^E^"+4ii(^")n>oii,oo<4^A 



Oi 7= ll(^n)n>o||i oo 



n<0 



<^ II f A, 



\/c ^/c 



njn>0|li oo 



It follows from the Holder inequality (see p^ Theorem 9.3]) that if Aq > c, 
then 



'Ao <^Ao 
\/c 



-^ / V{x) dx<^\ V{x) dx 
V c Juo V c J no 



< 



|(av) 



^||V^||B,nol|l|U,no < const llV^llen = const Bq. 
So, (|45D implies (|46|). 



Remark 6.3. Theorem 16.11 is a slight improvement of Theorem 1.1 in [TO] 
where an analogue of 045p was obtained with i?„ in place of i3„: 

iV_ (Sv) <1 + C7 Yl V^ + ^7 E Bn, yV>0. (49) 

{neZ: yl„>c} {neZ: B„>c} 

Indeed, let 



A := <a; e 



< X < 



7r(e2-l) v^7r(e2 - 1) 



i?„ := e" V7r(e2 - 1) , 

^n : M^ ^ M^ ^„(a;) = /2„a;, n G Z. 
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Then |A| = 1, ^„(A) = fi„ and it follows from (23 (7)] and [ISl §13] that 

^n= ll^llS„ = |^n|||V^O^n.||B,A < C'Ip) |^n| || V^ O ^n.||Lp(A) 

= Cip)RlR-'/qVh^^n„)=Cip)Rl-'/^( f V^ix)dx) ' 
< C{p) (7r(e2 - 1)) '"'/^ ( I VP{x) |x|2(P-i) dx 

\J{e"<|x|<e"+l} / 

= C(p)(7r(e2-l))'-'/^5„, p>l. 

7 A Laptev-Netrusov-Solomyak type estimate 

We denote the polar coordinates in M^ by (r, §), r E IR+, ?!^ G § := (— vr, tt]. 
Let / C M_,_ be a nonempty open interval and let 

Qi := {a; G M^ : \x\ G /}. 

We denote by £i (/, Lb(S)) the space of measurable functions / : ^2/ — )■ C 
such that 

||/|Ia(/,Ls(s)) := ^ ||/(r, ■)b,srrfr < +oo. (50) 

Let 

J„:=(e",e"+i), I^n, := ||\/|U.(x„,Ls(s)), r^ G Z. (51) 

Theorem 7.1. There exist constants Cg > and c > swc/i i/iai 

N4Sv)<l + 4: J2 ^/A'n + CgY^Vn, Vy>0 (52) 

^see (ESD, dSHD;. 

Remark 7.2. It is clear that 

^ I?n<^I^n=||^||£,(M^,L«(§)). 

{n6Z; X'„>c} neZ 



5^ V^^T^ ll(^n)nez|li,oo- 



It follows from (SH]) that 

2 

VA„ < - 

{neZ: A„>c} 

Hence flS^ implies 

N_{8y) < 1 + Cio (||(^n)n6z|li,oo + || ^|| A(M+,L«(§))) , V^ > 0, (53) 
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which, in turn, imphes the following estimate obtained in [2T] (see also |19]): 



N.{Sv)<l + Cn(\\{AnUz\k^+ I (I 



\ 1/p 

\V{r,d)\Pdd\ rdr\, (54) 



where p > 1. In fact, the estimate obtained in [2T] has a slightly different 
form: 






\ i/p 
\Vx{r,^)\Pd^\ rdr ] , (55) 



where 



Since 



V^{r,^) := r(r,^) - Vnir), Vn{r) := ^ / V{r,^)d^. 



\V{r,^)\Pd^] rdr- / |V^^(r,^)|Prf^ rdr 

</ ( / l^7e(^)l^rf^) rdr = (27r)^/P / \/7e(r)rdr 



= (27r)i/P"i /" \/(a;)cia; = (27r)i/P^i V / V{x)dx 

< const ^2"I"U„ < const SUpA^ < const ||(^n)n6z||i oo ' 

estimates (1541) and (133]) are equivalent to each other. An advantage of the 
latter is that it separates the contribution of the radial part V-ji of V from 
that of the non-radial part Vj\f (see [21] )• Similarly to the above, one can 
easily show that fl53|l is equivalent to 



N_{£y) < 1 + Ci3 (||(An)n6zili,oo + II ^A^ll A(M+,Ls(S))) , VV > 0. (56) 

Let /i, /2 C R be nonempty open intervals. We denote by Li (Ji, Lg(J2)) the 
space of measurable functions / : /i x /2 — )■ C such that 

\\f\\L,{h,LB(h)) ■= ll/(a;i,-)llKc?xi < +00 (57) 

(see dZD). 
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Lemma 7.3. (Cf. [23 Lemma 1]) Consider an affine transformation 

2 . Tn.2 ct^\ .— A„ ^ „0 A — I ^^ ^ \ DD^n ^O^Tn.2 



^:R^ ^R^ ^(x) :=Ax + x", A = ( ^ 1 , i?i, i?2 > 0, x" G 

Let Ji X /2 = ^(Ji X J2). r/ien 

|Li(/l,L8(-f2)) = I T ^ T I ll/°^IUl(Jl,L8(J2))) 



Proof. 



\hxh\ - "-^--«^-'^ |JiX J2I 

V/eLi(/i,Le(/2)). 



Li(Ji,Lb(/2)) = I r ,, r \ / 11/(^1' OIlK^^i 
2 1 J/i 

Ri 



LZxXJ2 111 X I^' ' - 



il X i2 



'21 Jj, 

II 
'21 Jj, 



^1 X l2\ J J, 



||/o^||li(Ji,Lb(J2)) 



\Jl X J2I 

(see |29l Lemma 1]). D 

Lemma 7.4. (Cf. [2S1 Lemma 3]) Let rectangles Ii^k x /2,fc, k = 1, . . . ,n be 
pairwise disjoint subsets of Ii x I2. Then 

n 

EII/IIl.(/..„l«(7,,)) < ll/IU.(/„L«(/.)), V/GLi(/i,L6(/2)). (58) 

fc=l 

Proof. Let us label the endpoints of the intervals Ji and Ji^fc, A; = 1, . . . , n in 
the increasing order ai < a2 < ■ ■ ■ < a^^f. Here N < 2{n + 1) and A^ may be 
strictly less than 2{n + 1) as some of these endpoints may coincide. Then 



n n „ 

Ell-^llil(/M,iH(/2..)) = E / 11/(^1' OIIbX^^Xi 

fc=l fe=l "^^l.fc 

= E E £" 11/(^1' oiiSL^x, 

fc=l (aj,a3+i)C7i,fe '^J 

=E/ E ii/(-ir)iricix, 



21 



Li(/i,Le(/2))- 



The inequality above follows from Lemma 3 in ^y\ and from the implication 

h,k ^ {dj, ctj+i), h,m ^ (%, flj+i), k^m =^ /2,fc n /2,,„ = 0, 

which holds because the rectangles Ii^k x l2^k, k = l,...,n are pairwise 
disjoint. D 

Let Q := (0, 1)^ and I := (0, 1). We will also use the following notation: 



^s ■= -r^ w{x) dx, 
PI Js 

where S* C M^ is a set of a finite positive two dimensional Lebesgue measure 

1^1- 

Lemma 7.5. (Cf. [23 Lemma 2]) There exists C14 > such that for any 
nonempty open intervals /i,/2 C M of lengths Ri and R2 respectively, any 
w e W2{Ii X 12) n C (Ji X I2) with Wi^xh = 0, and any V e Li (/i, Lq{I2)), 
l^ > the following inequality holds: 

V{x)\w{x)\^ dx 

hxh 

<Cumax\-^,-^\\\V\\L,[h,LBih)) \Vw{x)\^ dx. (59) 

l-f<2 -Kl J Jhxh 

Proof. Let us start with the case Ii = I2 = I, Ri = R2 = ^- There exists 
C15 > such that 

sup \\w\xi, ■)||_4i < Ci5||w||wi(Q), \fw e W^iQ) nC{Q) 

(see ([8])). This can be proved by applying the trace theorem (see, e.g., [H 
Theorems 4.32 and 7.53]) and then using the Yudovich-Pohozhaev-Trudinger 
embedding theorem for H^^^ (see [I2], [27] and [21 Lemma 1.2.4], P 8.25]) 
or, in one go, by applying a trace inequality of the Yudovich-Pohozhaev- 
Trudinger type (see [231 Corollary 11.8/2]; a sharp result can be found in 

0). 

Next, we use the Poincare inequality (see, e.g., [231 l-H-l]): there exists 

C16 > such that 

/ {w{x) — wq)"^ dx = ini / {w{x) — a)"^ dx < Ciq / \Vw{x)\'^ dx, 
Jq '^eR Jq Jq 

Vu7 G W^iQ). 
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Hence 



sup||w;^(xi,-)||^i<Ci4 / \Vw{x)\'^dx, Ww eW^{Q) nC {Q) , wq = 0, 

where Cu = Ci5(Ci6 + 1). Now, the Holder inequahty (see [HI Theorem 
9.3]) imphes 

V{x)\w{x)\'^dx < ||l^||Li(i,Lg(i))SUp||M;^(Xi,-)||_^j 

<Cm\\V\\l^(^i^Lb{i)) / \Vw{x)\^dx, 



i.e. ([59]) holds for h = h = I. 

Consider now arbitrary intervals /i, /2 C R. Then Ii x I2 = $,{Q), where .^ is 
the affine mapping from Lemma FTSl and fl59|) can be derived from the above 
inequality with the help of Lemma 17.31 and the inequality 

/ |V(wo^)(a;)pdx <max<^ — i,-^ I / \Vw{y)\'^dy 

(see the the proof of Lemma 2 in [29]). D 

Lemma 7.6. (Cf. [291 Theorem 1]) For any V e Li {I,Lb{1)), V > and 

any n G N there exists a finite cover of Q by rectangles Sk = h,k x l2,k, 
k = 1, . . . ,no such that uq <n and 

I V{x)\w{x)\''dx < C^^n-^\\V\\L,ii,Lrs{i)) I \Vw{x)\^dx (60) 

JQ JQ 

for all w E W2{Q) fl C (Q) with ws^. = 0, k = 1, . . . , tiq, where the constant 
Cij does not depend on V . 

Proof. According to the Besicovitch covering lemma (see, e.g., [131 Ch. L 
Theorem 1.1]), there exists a constant z/ G N such that any cover {Ax}^(zq 
of Q by closed squares Ax centered at x has a countable or a finite subcover 
that can be split into u families in such a way that any two squares belonging 
to the same family are disjoint. 

We can assume that n > u, as otherwise one could take Uq = 1, Sk = Q and 
get dnDD with Ci7 > z^Ci4 directly from dSHj). For any x E Q there exists a 
closed square A^,. = -^?a: ^ -^2a: centered at x such that 

W\\Li{h,^,LBih,a:)) = '^^~"^|I^|Ui(I,Lb(II))' 
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where 

kx ■■= li,. n [0, 1], i = 1, 2, i.e. /i,,. X /2,,. = A, n Q 

(see [291 Lemma 4]). Let {A^..^.} be the subcover from the Besicovitch covering 
lemma and let^S^ = h^k x h,k ■= h,xk x h,x^ = A^.^, n Q. Then S := {Sk} is 
also a cover of Q and, like {A^.^}, it can be split into z/ families S;, / = 1, . . . , z/, 
consisting of pairwise disjoint elements. Lemma [7.41 implies 



i^n i V II L, (1,^3(1)) card S;= ^ II^IIli(/i,,,L8(/2,.)) ^ H^ 
Hence card S; < n/u and 

77-0 := cards = y ^ card S; < z/ra/i^ = n. 



Take any ty G H^2^(Q) H C (Q) with wsf, = 0, k = 1, . . . ,nQ. Since the centre 
of the square A^.^. belongs to Q, the ratio of the side lengths of the rectangle 
Sk = Aj.^. n Q is between 1/2 and 2. Hence it follows from Lemma [7.51 that 



/ r(x)|w(x)|2rfx< V / V{x)\w{x)\'^ dx 

fc=l "^•S'fc 

= 2Ci4z/n"^||V||ij(^Lg(n))^ / |Vw(x)|^(ix 

fc=i "^■^fc 

= 2Ci4;/7t,~^||V||li(i,Lb(i)) y^ y^ / \Vw{x)\'^dx 
= 2Ci4Z/ra"^||\/||L,(i,Lg(i)) V] / \Vw{x)\^dx 

1=1 Jq 

= Ci-jn'^\\V\\L^(j^LB{i)) I \Vw{x)\^dx, 

jQ 
where Cn := 2Cuu'^. D 

Let 

Svfilw] := Jq \Vw{x)\'^dx - jQV{x)\w{x)\'^dx, 
Dom {Sv,o) = Wl {Q) n L2 (Q, ^ (x)dx) . 
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Lemma 7.7. (Cf. [211 Theorem 4]) 

N-{8vfi) < Ci^\\V\\L,ii,Ls{i)) + 1, VV > 0, 



where Ci? is the same as in Lemma\7.6. 



Proof. Let n = [Ci7||K|| r.-^n r,^(it))~\+l in Lemma l7.6[ Take any linear subspace 
C C Dom {Svfl) such that 

dim£ > [Ci7||V||l,(i,Lb(i))] + 1. 

Since uq < n, there exists w G £ \ {0} such that ws^. = 0, k = 1, . . . ,no. 
Then 



£vfiH = I \Vw{x)\^dx- f 
Jq Jq 



Vu7(x)| dx — V{x)\w{x)\ dx 



^ f \\-7 t M2j C'i7||^||li(I,Lb(I)) f IV7 / m2^ 

> / \\/w{x)\dx — -^ — ^^ y^ / \vw[x)\dx 

> / \Vw(x)\'^dx- / \Vw(x)\'^dx = 0. 



Hence 



N_i£y) < [CuWVh^UMI))] + 1 < Ci7||^||l,(I,L«(I)) + 1. 



n 



Let R>0, I{R) := {R, eR), n{R) := {x G M^ : R< \x\ < eR} and 

^T/M := In{R) \^w{x)\^dx - /^(^) V{x)\w{x)\^dx, 
Dom (S^) = {we Wl {n{R)) n L2 (l^(i?), V{x)dx) : w;f^(fi) = O} . 

Lemma 7.8. (Cf. [291 Theorem 4']) There exists Cig > such that 

N-{^^)<Cis\\V\\c,im,Lsis)), Vr>0, Vi?>0. (61) 

Proof. We start with the case R = 1. Let S+ := (0,7r), S_ := (— 7r,0), 

Q^ ■= {(rcos-i?, rsin-i?) gM^: l<r<e, ?9g S±} 

Sp[w] := /^^ |Vi/;(x)prfx - /^^ y(x)|ii;(x)pda;, 

Dom (^^) = W^ (fi±) n L2 (fi±, y(x)t/x) . 

Then by the variational principle, 

N_{£l,)<N_{£^) + N.{£y). (62) 
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(see, e.g., [TUl Lemma 3.5]). Consider the diffeomorphisms ip± : Q ^ VL±, 
^±{yuy2) = ((l + (e - l)yi) cos(±7r?/2), (l + (e - l)yi) sin(±7ri/2)) • 

The polar coordinates of (p±{yi, ^2) are r = 1 + (e — l)yi, 'd = ±7ri/2- 
Let 

V±iy) ■= V{(p±{y)), w{y) := w{^±{y)), w G Dom(£:^). 

There exist absolute constants C19 > and C20 > such that 



n± 



\Vw{x)\'dx > 7^ / \Vw{y)fdy, 

<-'19 Jq 

vix)\wix)\'dx < C20 [ v±iy)Hy)\'dy. 



Then Lemma \7. 71 implies 
Using [29l Lemma 1] one gets 



< C17C19C20 



v; 



Li(I,Lb(I)) 



+ 1. 



V, 



± 



LiilLem) Ji 



v±{y 



1; ■; 



(av) 



dyi 



vr e-1 



(av) 



\\V{r,-)\\'e:idr. 



Now it follows from (!62|) . Lemma [2. II and [29l Lemma 3] that 

< C21 ^' ||V^(r, OIlK ^^ + 2 < C21 ^' ||V(r, Ollts^ rrfr + 2 



(63) 



< 27rC2i||V||£j(/(i),Lg(§)) + 2, 



where C21 = ^^^^"5(^° . 

^-^ 7r(e— 1) 

Using the Yudovich-Pohozhaev-Trudinger embedding theorem, the Poincare 
inequality and the Holder inequality for Orlicz spaces as in the proof of 
Lemma 17.51 one can prove the existence of a constant C22 > such that 



V{x)\w{x)\^dx<C22\\V\\c^{i{i),LB{n)) I \Vw{x)\^dx, 
n(i) Jn{i) 

VM;GDom(^^). 



If ni£.(7(i),L«(s)) < I/C22, then 

8y[w]>Q, VM;GDom(£^), 
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i.e. N_{Sy) = 0. Combining this with flB5]) one gets the existence of a 
constant Cig > for which flHT]) holds in the case R = 1. The case of a 
general R is reduced to i? = 1 in the standard way with the help of the 
scaling x H- Rx (cf. the proof of Theorem 4' in [29]). D 

Proof of Theorem \7.1\ The theorem is proved in the same way as Theorem 
16.11 (see (12^ . fHUjl and fH2]) ). One only needs to use Lemma rTSl instead of 
Theorem 4' of [29]. □ 



Remark 7.9. It has been observed by A. Laptev that interchanging the 
roles of the variables yi and t/2 in the proof of Lemma 17.81 one can get an 
analogue of (16T1) where the Lg norm is taken with respect to the radial 
variable, while the Li norm is taken with respect to the angular one. Then 
using the Birman-Solomyak method exactly as in the proofs of Theorems 16.11 
and 17.11 one shows the existence of constants C23 > and c > such that 

N_{Sv)<l + 4 Y, V^ + C23$^^n, VV>0, (64) 

A„>i/4 g„>c 

where 

^„:=e" /||n-,^)llK.^^' ^eZ (65) 

(cf. (150 p . (I5ip ). and the factor e" in front of the integral ensures the correct 
scaling under the mapping x 1— ?■ e^x. 

8 Comparison of various estimates 

Let us start with comparing (llip and (H^ . Note first of all that (I46p is 
equivalent to 

iV-(^v^)<l + C24(||(A„)n>i|li,oo + £Bj, V\/>0, (66) 

\ n=0 / 
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where we have dropped the term Aq. Indeed, the Holder inequahty (see 
§3.3, (17)]) imphes 



Ao = / \^(x)|ln|x||dx < ||y||B,noll|ln| ■ ||||(^,no)' 

J\x\<e 

f A{\ln\x\\) dx< f e'°Hrfx+ /" e'^l^lrfx 

= / 1 — T dx + / |x| (ix 

/TV pi piT re r\ 

/ 1 drd^ + r^ drd'd = — (e^ + 2) =: C25. 

■n Jo J -IT Jl 3 



Hence 

(see (HD) and 



In I ■ ||||(y4,no) ^ ^25 



Ao < C25\\Vh,no < C25||^|iri = C'25Bo. (67) 

It is clear that 



00 „ 

An.)n>l||ioo ^ ll(An)n>l||i = V] / V{x)\n\x\dx 

= I V{x)\n.\x\dx < I V{x)\xi{l + \x\) dx. 

J\x\>e JR2 



'\x\> 

It is also easy to see that if 



1 Ixl > e^ 



(68) 



27r|x|2(ln|x|)2lnln|a;| ' 
V(x) = { (69) 

0, x\ < e^, 

then An = In (l + ^) = \ + (n'^), n > 2, and the left-hand side of (ESD 
is finite, while the right-hand side is infinite. 
On the other hand, 

00 00 

$^B„ > \\V\\B,n, + Y. W'^h,^^ ^ II^IIb,m2, (70) 

n=0 n=l 

where the last estimate follows from the triangle inequality applied to / = 
/Xno + E^=i /Xn„ with xq.{,x) := I ioi x e Vt and xn{,x) := for a; ^ Vt. It 
is not difficult to show that there exist a V for which the left-hand side of 
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(170]) is infinite while the middle term is finite, and a V for which the middle 
term is infinite while the right-hand side is finite. Indeed, let V{x) = j^ for 
|x| > e and V{x) = for |x| < e. Then using [221 (7)] and the notation from 
Remark 16.31 one gets 

oo oo oo oo 

n=l n=l n=l n=l 

n=l ^ ^ 

On the other hand, [HI (9.11)] and Lemma [2.31 imply 

oo oo oo / 1 \ 

n=l n=l n=l ^ ' ' ' 

oo oo 

< ^ e-2"v/2|fi„| = ^ e-"V27r(e2 - 1) < +oo. 

n=l n=l 

Take now V{x) = , ^|^, , for |a;| > e and V{x) = for |x| < e. Then 

n=l n=l n=l ^ ' ' ' 

> > W- fi„ = > -J— 1-^ =+oo, 

n=l n=l V ^ ' 



while 

, B (V(x)) dx= f B ( , , ,V , 1 dx = 2TT f B (^—] rdr 

/" 1 , 

< TT / 2~ dr = TT 

Jr>e r\n r 

(see Lemma [2l3l) and hence ||V^||b,r2 < oo. 

The above discussion of (168|) and (1701) may give one an impression that neither 
of (fTTj) and (l46l) is stronger than the other one. It turns out that this is not 
the case, and it follows from (jHID, (1^ and Lemmas 12. H 12.51 and 18.11 (see 
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n=0 \ n=0 

.2 I 



below) that (jl^ is actually stronger than (ITT]) . Indeed, 

II ( An)n>o II 1,00 + I] B„ < const II ( A„)„,>i II , „^ + J] B„ 

n=0 V 

< const ( / V^(x) ln(l + |x|) dx + vre^ 
+ f;i|V||B,a. + Eln(^|fin|) / l^(x)rfx) (71) 

n=l n=l ^ ^ "^^" 

< const I / V^(x) ln(l + |x|) (ix + ||y||g_K2 + / V^(x) Inln |x| dx 1 

\>/r2 ' J\x\>e J 

< const ( ||V"||b,m2 + / V{x) ln(l + |x|) dx\ , VV" > 0. 

Note that for V given by f l69j) one has 

00 00 00 _ 00 1 „ 1 

ER -\^« ^^^^ iMiiM -Hill \^ l^^"l 

B„-2^/^„<2^— -5— -— iii|iB^f,„- iiiiib,a2^ 



27re2"n2 1nn" '"''''" " " ' ^^ 27re2"n2 In n 

?i=0 ?i=2 ?i=2 n=2 



MM >r^ e^ - 1 

1 1 lie, A 2^:^^^^ — < +00. 



2?7,2 1nn 

n=2 



Hence the right-hand side of (146 j) is finite for this V while the right-hand 
side of fITT]) is infinite. So, f H6|) is strictly stronger than f lTT]) . 



Lemma 8.1. There exists Cor > sfic/i i/iai 



f]\\Vh,n„<C2J\\V\\s,u^\no+ [ V(x)lnln|x|dxy VV > 

n=l V ■^l-l>- ^ 



Proof. Suppose first that ||V"||(e_]82\fjy) = 1 and let 



Then 



a„ := / B{V{x))dx, «« := ||^||(b,q„), n G N. 

00 00 „ „ 

y^a„ = y"/ B{V{x))dx= B{V{x))dx = l, 

n=l n,=l "^^" iR2\no 



ftn < 1 ^ ft^n < 1, 
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and 



i=, Bi^)d.<[ (m^2^^i,,^mu. 



'Un \ ^n J Jfrtn V ^n f^n ^n 

<— [ {V{x) + 2V{x) ln+ V{x)) dx + — \n— ||y|U,(o„ 



Kr; 



(see Lemma [22]) • Hence 



1 



and 



«n<4a„+ (l + 21n— ) ||V||L,(n„) 



n=l n=l K,n<l/rfi Kn>l/n? 

oo ^ oo oo 



n=l n=l n=l 

2 oo „ 

= ^ + 8 + 2^(l + 41nn) / \/(a;)cia; 

<— + 8 + 2/ \/(x)(l + 41nln|a;|)da; 

'J -'|x|>e 

< C26 f||^||B,RAno + / \/(a;)lnln|x|cix') 

\ J\x\>e J 



'\x\>e 

(see ([3])). The case of a general V is reduced to ||^||(i3,R2\j^Q) = 1 by the 
scahng V ^tV,t>Q. ' D 

Let us now show that each of fl52l) and flMl) imphes (fi5|) (with a different c). 
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Suppose ||V^||(B,no) = 1- It follows from Q, © and Lemma ITT] that 
Vo= f \\V{r,-)\\t3,srdr<2 f M+ f B{V{r,^)) dA rdr 

< (e^ - 1) + 2 / B{V{x)) dx = e^ + l = ie^ + 1)||V^||(ba,) 

< (e^ + l)\\V\\s,n, < (e^ + l)||V|lSo = i^" + l)^o, 

Go= /||\/(-,^)||£^^<2(e-l) [(l+ rB{V{r,d))dr\ dd 

< 2(e - 1) ( 27r + / B{V{x)) dx] = 2(e - l)(27r + 1) 

V Jno J 

= 2(e - l)(27r + l)||K||(B,f7o) < 2(e - l)(27r + l)i3o =: C27B0. 

The scaling V" i— )■ tV, t > allows one to extend the inequalities Vq < 
(e^ + l)Bo and Qq < C27BQ to arbitrary ^ > 0. Using the scaling x 1— )■ e"'x of 
the independent variable and [291 Lemma 1], one gets P„ < (e^ + l)i3„ and 
Qn < C*27'B„, Vn G Z. Hence 

{neZ: V„>c} {neZ: X'„>c} {n6Z; B„>c/(e2 + l)} 

Y, Gn<C27 Yl ^n<C21 ^ ^^ ' 

{neZ: g„>c} {n.eZ: g„>c} {nSZ: B„>c/C27} 

Similarly, 

||^|Ia(k+,Lb(s)) = $^^n < (e' + 1) $^i3„, 

nez neZ 

and (153|) implies (l46l) . 

Putting together what we have obtained so far, we get the diagram below. 
For the convenience of the reader, we precede the diagram with a list of the 
estimates discussed above: 

N-{£v) < C (\\V\\b^^2 + j ^ V{x) ln(l + \x\) d,\ +1, m 

N-{£v)<C&{l Vix)ln{2+\x\)dx+ f V,i\x\)\n+ -^ dx] + 1, dH]) 

Vjk2 Jk2 fI / 

7V_(£y)<ci/ V^{\x\)\n+-^dx + C2 V (x) \n+ \x\ dx + C3 V{x)dx + 1, ^ 

iV-(fv)<l+4 ^ v/A^+C7^s„, (113 

A„>l/4 i3„>c 
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N_{8v) <l + cA ||(A„)„>o|li,^ + Y. ^" 



n=0 



N_{£v)<l + Cj Y. \/^+C7 Y. ^"' 

{neZ: A„>c} {riGZ: B„>c} 

iV-(fv)<l + 4 Y V^+Cg^Pn, 
A„>l/4 V„>c 



N^{£v)<l + Cn[\\{An)nez\U^ + 



N^i£v)<l + Ci2 ||(A„)nez|li,o + 



1/p ^ 

|F(r,^)|Pdz?) rdr 

i/p 
\Vj^{r,^)\Pd§] rdr 



where 



N^{£v) < 1 + Ci3 (||(A„)„ezlLoo + II"^V||£i(k+Xb(s))) 

iV_(£-y)<l + 4 ^ ^/A^+C23Y^"^ 
A„>i/4 e„>c 

Ao := / V{x)dx, A„ := / F(a;)| In |x|| dec, n 7^ 0, 
Jun Ju„ 



Bn ■■= \\V\ 



'il, B„:=(/^ V^ix)\x\'^^-'Ux 



i/p 



A„ = A„, B„ = i3„, n G N, 



Ao:= f V{x)\\n\x\\dx, Bq - ||F!|^""^„, no ^ {x eR^ : \x\ < e}, 

Jiio 






(El 



dSS]) 



dMl) 
dSl 



I^IIa(I,.,l«(S)), e« := e" / ||y(.,^)||(3""2->_^d^, I„ :== (e",e"+i), n G Z, 



P„ 



1 < p < cx), and [/„, ri„ arc defined in (|38)) . (|4T|) . Estimate ((22)) was conjectured by N.N. 
Khuri, A. Martin and T.T. Wu in [TJ, (05]) was proved by M. Solomyak in ^, (gHl) was 
obtained by A. Grigor'yan and N. Nadirashvili in [TU], (|55|) was proved by A. Laptev and 
M. Solomyak in ^T\, and (|M)) was proposed by A. Laptev (see Remark l7.9p . 



(jSSD ^^ (EHD ^ (jMD ^^ (ESD 



dSl ^ iSD 






(HH) ^^(EU) 
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Our next task is to show that no other imphcation holds between the es- 
timates in the above diagram. Suppose V{r,'{}) = V^i(r)V2(^). If V2 = 1, 
Vi{^) = r^(i+in'^r) ^^^ « > is Sufficiently small, then the right-hand side 
of fH9|) equals 1 while ||(^n)neN||i oo — +°^ (see [ID])- Hence fl53|) does not 
imply f H9|) . 

Suppose now supp Vi C [l,e]. If V2 = 1 and Vi G Li([l,e]) \ LB([l,e]), e.g. 
Vi(r) = /r^i)(i2iji2,_^-.y then the right-hand side of flM|) is infinite, while 



the right-hand side of f l55|) is finite. Hence f lMj) does not imply flMj) . fl55|) . If 
1^2 = land Vi G LB([l,e])\Up>iLp([l,e]),e.g. l^i(r) = ^^-^y^YTTW^^^iTF)' ^^^^ 
the right-hand side of (149|) is infinite, while the right-hand side of (TTT]) is finite. 
Hence (09]) does not imply (^. If V"i = 1 on [1, e] and V2 G Li(§)\Lb(§), e.g. 
V2('i9) = 1^1(1 i|n:a|^|-) , then then the right-hand side of (!52|) is infinite, while 
the right-hand side of flM|l is finite. Hence f lS^ does not imply f lM|) . Finally, 
if \/i = 1 on [l,e] and 1^2 e Lb(§) \ Up>iLp(§), e.g. I^l^?) = |^|(i+|^in|^||3) ^ 
then the right-hand side of (1541) is infinite, while the right-hand side of fllip 
is finite. Hence (j5ll) does not imply fITT]) . 



9 Concluding remarks 



Using estimate fl56|) . one can prove that Theorem 1.1 and Proposition 1.2 in 
pT] remain true if one substitute the condition Vv G £1 (M+,Lp(S)), p > 1 
with 

\VG/:i(M+,Le(§)). (72) 

In particular, if (172]) is satisfied, then the Weyl-type asymptotic formula 
lim a-^N.{£av) = -^ / V^(a:)dx 

holds if and only if 

lim s card in G Z : A„ > s} = (73) 

S-5>0+ 

(see (139|) ). One can also prove that, if (172|) is satisfied, then N_{Sav) = 0(a) 
as a — )■ -|-oo if and only if ||(A„)„gz|li 00 < ^^ (ef- [2D1 Theorem 1.1]). The 
last result and (13^ imply that if 



VJ V av4„ = 0(a) as a — )■ +00, 

{nGZ: aA„>c} 
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then ||(^n)n6z|li oo < °^- '^^is implication is a special case {q = 1, a = 1/2) 
of the following result on sequences of numbers an-, n E^L: if g > o" > 0, then 

^ {a\an\Y = 0{a'^) as a ^ +oo (74) 

{tiGZ: a|a„|>c} 

^^ card{?T,>0: |a„| > s} = 0(5"") as s -> + . (75) 

Indeed, if fl75|) holds, then one gets similarly to f HHj) 





1^ ,. „ ,.,-,., Jo 



a\an\>c \an\>c/a 



oo 

cr-l 



era"" / s°" cardjn > : |a„| > s & |a„| > c/a}(is 

pc/a 

aa'^ / s'^~"^card{ra > : |a„| > c/a} (is 
Jo 



oo 



+cra'^ / s'^ ""^cardjn > : |a„| > s} ds 

J c/a 

pc/a / POO \ 

= a"0(a'^)/ s"^^ ds + a" O i s"^^~^rfs) 

io \ic/a / 

= 0(a'') as a — !■ +oo, 

where the last two integrals exist due to the condition g > cr > 0. Suppose 
now (17^ holds. Then using the notation a = c/s one gets 

card {n > : |a.„| > s} = card {n > : |a„| > c/a} 

<— V (a|a„|)" = 0(a'?) = 0(s^«) as s^0 + . 
c" z — / 

a\an\>c 

Let us return to the discussion of the necessity of (I73|l and ||(74„)„gz|| j^ ^ < oo. 
Neither of these conditions is necessary for N_{£y) to be finite. Indeed, let 
\^ > be a radial potential such that {An)n<^z ^ ^oo(^) \ ^i,oo(^)- Then it 
follows from Theorem 17.11 that N-{Epv) = 1 for sufficiently small (3 > 0, 
although the above conditions are not satisfied for I3V. It turns out that the 
condition {An)n£Z £ ^oo(^) on the other hand is necessary for N_{Sv) to be 
finite. 

Theorem 9.1. LetV >0. Then 

N^{£v) > o card{n G Z : A„ > lOvr}. (76) 

o 
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Proof. Let ?Ti G Z be such that A^ > lOvr and let r^ < ri < r2 < r^ be the 
radii of the boundary circles of the annuli Um~i, Um, Um+i- Consider the 
function 



1- 



Wm{x) := < 



0, 

ln(ri/|x|) 
ln(ri/ro) ' 

1, 



ln(r3/|x|) 
In(r3/r2) ' 



It is easy to see that 



Wwm{x)\ dx = 27r 



n 



1 



fI < '''o or |x| > r3, 
ro < |x| < ri, 
ri < |a;| < r2, 
r2 < |x| < r^. 



dr + 2n 



1 



1 



dr 



^Q (ln(ri/ro))2 r J^^ (In(r3/r2))2 r 

Vln(ri/ro) In(r3/r2)y 
' 27r (2^1™! + 22"l™l) , m < -2 or m > 2, 

27r, m = ±1, 

47r, m = 

< 27r (2-l™l + 22-H) =i07r2-l'"l, 

and the inequality is strict if m = 0, ±1. Since Wmix) = 1 for a; G Um, one 
gets 



V{x)\wmix)\^dx> V{x)dx 
Jun, 



> 



^0, 



m = 



2|m| 



> 107r2-H > / \Vwrr.{x)?dx, 



and the second inequality is strict if m 7^ 0. Hence £^y[u;m] < if Am > IOtt, 
and fl76|) follows from the fact that Wm and Wk have disjoint supports if 
\m — k\ > 3. Indeed, if the set S := {n G Z : v4„ > lOvr} is infinite, then it 
contains infinitely many elements that lie at a distance at least 3 from each 
other, and both sides of (1761) are infinite. If the set E is nonempty and finite, 
take 



mi 



minE, mj+i = minjn G E : n > nij + 3}, j = 1, 
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and continue the process until the set on the right-hand side is empty. This 
produces at least | card S numbers and concludes the proof. D 

Note that none of the estimates in the paper is sharp in the sense that N^{Sv) 
has to be infinite if the right-hand side is infinite. Indeed, the examples at 
the end of Section [H] show that the right-hand side of flS2]) may be infinite 
while N_{Sv) is finite due to flM|l . and the other way around: the right-hand 
side of (jMD niay be infinite while N^{Sv) is finite due to (152|) . On the other 
hand, no estimate of the type 

N-{£v) < const + / V{x)W{x) dx + const \\V\\^k2 (77) 

can hold with an Orlicz norm || ■ ||,i, weaker than || ■ ||e, provided the weight 
function W is bounded in a neighborhood of at least one point (cf. [291 
Section 4]). Indeed, let ^2 be a bounded open set where W is bounded 
and suppose '^{s)/B{s) — > as s — )■ oo. Let $ be the complementary 
function to \1/. Then it follows from [13] and [TSl Lemma 13.1] that there 
exist Wj G W2{^), j G N such that ||w||vFi(n) = 1 ^^^ \\u!'^\\<s>,n — )■ C)0 as 
j — )■ oo. The Banach-Steinhaus theorem and [HI Theorem 14.2] imply the 
existence oi v E L<^ (f2) such that the sequence 

v{x)w'^j{x) dx, i E'R 

is unbounded. Define V E L<i, (M^) by V{x) = \v{x)\ for x G fi and V{x) = 
for X ^ Q. Then 



Q{V):= sup / V{x)\w{x)\^dx = oo. 

Since the quadratic form J^2V{x)\'w{x)\'^dx > is closable in VTg^ (M^), it 
corresponds to a nonnegative self-adjoint operator. Since Q{V) = oo, the 
operator is unbounded, and it follows from the spectral theorem that there 
exists an infinite-dimensional subspace J-" C W2 (M^) such that 



/ 



V{x)\w{x)\'dx > ||w;||wi«2v Vw;gJ^\{0}. 



Hence N_{£v) = C)0, but the right-hand side of (177|) is finite. Below is a 
more constructive proof of the same result. 
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Theorem 9.2. Let W > be bounded in a neighborhood of at least one point 
and let \I/ be an N -function such that 

lim ^ = 0. 

s-5>oo Id{s) 

Then there exists a compactly supported F > such that 



/ V{x)W{x) dx + II V||*,iK2 < cx) 



and N_{£y) = oo. 



Proof. Shifting the independent variable if necessary, we can assume that W 
is bounded in a neighborhood of 0. Let ro > be such that W is bounded 
in the open ball 5(0, tq). 
Let 

Then 7 is a non-increasing function, 7(5) — )■ as s — > 00, and ^E'(s) < 
■j{s)B{s). Since \l/ is an iV-function, \l/(s)/s ^^ 00 as s — ;■ 00 (see [18], 
(1.16)]). Hence there exists Sq > e such that "^{s) > s and 7(5) < 1 for 

S > So. 

Choose Tk E (0, 1/so), A; G N in such a way that rk < ■^ r^^i and 



IHS 



< CXD. 



It is easy to see that the open disks B(2rk,rk), /c G N lie in 5(0, rg) and are 

pairwise disjoint. 

Let 

'■fc 



V{x) 



tk, xeB{2rk,rl), keN, 
0, otherwise. 



Then 



, _^ _4 1 _i 1 
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and 



„ oo oo 

J^' k=i k=i 

oo oo 

<7r^r^7(4)(l + 4)ln(l + 4) < 47r^r^7(4) t^lnt,. 



fc=i 

oo 



47r^7(t 



3r 



fc=i 

oo 



fc=l 

oo 



k) —A r ^^^ ^^ r < 4vr N 7(^A:) — r ^^ ^ 

rj In — rMn — -f^^ In — rl 



In 



oo 



fc=l 



^fc 



oo oo ^ ^ \ 

<727r^7(4)<727r^7 - < 
fc=i fc=i V ^v 



oo. 



Hence ||V||^.ir2 < oo. Since t^ > l/r^ > sq, we have t^ < ^(t^) and 



/ V^(x)(ix< / '^{y[x))dx <oo. 



Taking into account that the support of V hes in 5(0, tq) and that W is 
bounded in 5(0, tq), we get 



V{x)W{x)dx < +00. 



Let 



\x - 2rk\ < rl, 



Wkix) := < 



ln(rfc/|a:-2rfc|) 



ln(l/rfe) ' k 



rl < \x -2rk\ < rk, 



(cf. dU]). Then 



/ \Vwki 

7r2 



x)\ dx 



\x - 2rfc| > Tfc 
2tt 



and 



V{x)\wk{x)\'^dx > 



ln(l/rfc) 
V{x) dx = vrr^tfc 



Svr 



B 2r,,,r 



k^n 



ln(l/rfc) ■ 



Hence 

and N^{£v) = 00. 



£v[wk\ < 0, VA; e N 



D 
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It is probably difficult to obtain an estimate for N_{£v) that is sharp in 
the above sense, i.e. is such that N_{£v) is infinite if the right-hand side 
is infinite. Indeed, there are potentials V^ > such that N-{8av) < oo for 
a < 1 and N_{£av) = oo ioi a > 1. For such potentials, N_{Sv) niay be 
finite or infinite and the following theorem shows that, in the latter case, 
N^{Sav) niay grove arbitrarily fast or arbitrarily slow as a — )> 1 — 0. 

Theorem 9.3. i) For any N eN, there exists a V e Li(]R^), V > 0, such 
that N_{£v) = N and N_{£av) = oo for a > 1. 

a) For any sequence (afc)fceN increasing to 1 and any Nk G N, there exists a 
V G Li(M2), V >0, such that Nk < N^{£^^^^v) - iV_(^^,y) <oo,ken. 
Hi) For any sequence {akjk&n increasing to 1 and satisfying the condition 



oo -. 



< CXD , (75 



^ afc+1 - Uk 



there exist aVE Li(M^), V > Q and a Ajq G N such that N_{£ak+iv) — 
N_{£^^v) = I for all k > ko. 

Proof. See Appendix B. D 



10 Appendix A: Sharp l-dimensional Sobolev 
type inequalities 

Let < a < &. It follows from the embedding W2{[a,b]) ■-)■ C{[a,b]) that 
there exist constants a, /3 > such that 



\X\ 



<a f \u'{t)\^dt + ^ f ^rr^rft, W eW^{\a,b]). 

Ja Ja W 



This inequality is used in Section |5] and it is natural to ask what the best 
values of a, /3 > are. Since there are two constants involved here, it is 
convenient to rewrite the inequality in the following form 

^7^<C(ft:)('/" |n'(t)pcit + K /" ^^rftV "iueWliia,})]), (79) 

p| \j a Ja rl / 

and to look for the best value of C{n) for a given k > 0. 
Lemma 10.1. Let 



7i = 7, , 72 = 7, • (80) 
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For any k > 0, (17^ holds with 

C(k-x) •= V ^ 

^ ' ' ' Ky/l + An {b^^+^ - aV^+4^) 

and becomes an equality for 

{(^726^^+^ - 71a; ^^+^) (71^1 - 720^^+^^^) t, a<t<x, 
[720^^+^ - 7ix^^+^) [7it^i _ ^^6^1+4^^72 A i^ X <t<b. 
The maximum of C{k,] x) is achieved at x = a and is equal to 



C{k) :=— 1 + VT + Ik 



^VT+4k _|_ ^VT+4k 



2ft; \ ^v^T+i;^ _ flv^T+i;^ 

Proof. It is easy to see that 

M(x)ln-= [ G,{t)u'{t)dt+ [ ^dt, 

a Ja Ja t 

where 

I In r , a < t < X, 
G^it) :-- 



In I , X <t <b. 



Since 

fb rb 



ip{t)u'{t)dt+ I {t^'{t))^dt = 0, yipeW^{{a,b)), 
we also have 

u{x) In - = /" (G,.(t) - ipit))u\t) dt+ /" (1 - V(t)) ^ rft, 

« ia Ja t 

and the Cauchy-Schwarz inequahty imphes 



, , < , , / \u'(t)rdt + K / ' ,\;' dt 



where 



a 



J{V):= I \G,{t)-y^{t)\^dt + ^ f \l-t^'{t)\^dt. 
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Hence we need to minimise J{}p) on W\{{a^\))). It is clear we only need to 
consider real-valued i^. The Euler equation for this functional takes the form 

tV" + 2V - K^ = \- kG^, (p{a) = = (p{b). 

It is easy to solve the equation on (a, x) and separately on {x, h)\ the function 
^0 = Gx is a solution on both intervals, and the change of the independent 
variable s = In t reduces the corresponding homogeneous equation to an ODE 
with constant coefficients. Choosing the constants in the general solutions on 

(a, x) and (x, h) in such a way that ip{a) = 0, ip{b) = 0, (p(x — 0) = ip{x + 0) 
and ip'{x — 0) = ip'{x + 0), one gets 

A^^^v^l+S _ ^^^v^l+4;^\ ^71 _ l)VT+^tl2\ ^ X <t<h. 

Taking into account that 71 and 72 (see fl5U]l ) are the roots of the quadratic 
equation 7^ + 7 — k = 0, one can easily check that (l82l) does indeed solve the 
equation on (a, x) and (x, 6) and satisfy the above conditions at t = a, x, h. 
It follows from the above that (!79|) holds with i7'(y9)/(|x| In^ -) in place of 
C{k) for any </? G 14^2^ ((a, 6)), in particular for the one given by fl82l) . Let us 
show that the equality in fl79|) is achieved for the latter. Indeed, let 

u{t) := - (t - tVW) 



M(k) 



726v^i+4^ _ ^^a;v^T+4^j (^^^tTi - 720^"^+^^^ ^^ a<t<x, 
VT+i^ - 7ix^'^+^) (71^1 - 726^"^+^^^) t, x<t<b, 



M{k) 



72 a 

x""^^ In 



a 



f^ili - 72) (6^^!+^ - a^i+4^) ■ 

Then m e W^2H[«,&]), u' = (1 - tV"(^) - 2tcp'{t))/n = G^ - 99, and the 

Cauchy-Schwarz inequality used above is in fact an equality. 

It is left to evaluate J'{lp)/{\x\ In^ -) for flS^ . Using the equalities 



271 + 1 = vr+4K, 272 + 1 = -vr+4K^ 



7? v/1 + 4k 72 Vl + 4ft: 

1 + — = 7i, 1 + — = 72, 



2fi;7i - 7^2 = yrT4^7i, 2^:72 - 72 = -Vl + 4K72^ 
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one gets after a straightforward but not a particularly pleasant calculation 



|x| In^ ^ ~ kVI + 4k (6v^T+4^ _ av'i+^ ' 

Since the function z i— )■ 7^2 + 71 (a6) ^'^+^'^z~^ does not have a local maximum 
for z > {z = x^^^^'^), the above fraction achieves its maximum on [a, b] at 
an endpoint. It is easy to see that the maximum is achieved at x = a and is 
equal to ([HI]). D 



Remark 10.2. Suppose u e Wi{[0, 1]) and u{0) = 0. Then using ([79]), §1 
with 6=1 and a — )■ 0+ one gets 



|M(a;)| 



, , <^ (i+./tta;^)( r\u'{t)\'dt+K n-^dt), 

VxG(0,l], 
and the right-hand side is finite due to Hardy's inequality. Note that 

;^ f 1 + v^m;^) < c{k) 

Ik \ J 

for any 6 > a > (see (15T1)). 

Starting with the representation 

u{x)= / Hr,{t)u{t)dt+ / u{t)dt, 
Jo Jo 

where 

_ r t, < t < x, 

^-^^)-\t-l, x<t<l, 

one can find, similarly to flT^j) . f lHT]) . the optimal constant Co(fi:) in the esti- 
mate 

\u{x)\^ < Co{k) ( f \u'{t)\^dt + K f \u{t)\Ut] , WeW^{[0,l]). 

The calculations are easier in this case, and one gets after an afiine transfor- 
mation of the independent variable that for any k > 0, 

Hx)\^<Co{K)f{b-a) I \u'{t)\^dt+--^ f \u{t)\^dt], (83) 

yueW^{[a,b]) 

43 



holds with 

sinh(2 v/;^) + sinh (2 0^ f^f ) + sinh {2y^'^) 

Co{^]x) := ^ ^ 

4-y/fi; smh ^/K 

and becomes an equahty for 

{cosh {^/K |5f ) cosh {^/K ^) , a < t < X, 
cosh (y^ Iff) cosh (v^ lEi) , X < t < 6. 
The maximum of Co{k; x) is achieved a.t x = a and x = b, and is equal to 

C.M:=S2!!i^. (84) 



One can rewrite the inequality 

\u(x)\'<^^^^^ (ib~a) f\u'{t)\^dt+-^ f\u{t)\^dt], (85) 



n \ J a b — a 

\fxe [a, 6], \fue Wl{\a,b]) 

in the following more symmetric form (with q = ^/k): 



|M(a;)P <coth^ f / \u' (t)? dt + -^— |n(t)Prft), V^ > 0, 

\ Q Ja o-aj^ 

and the equality here is achieved for 

uit) = cosh I Q 1 , X = 6 and uit) = cosh I q ) , x = a. 

\ b — a \ b — a 



11 Appendix B: Proof of Theorem 19.3 



Proof. All potentials V appearing in the proof are radial V{x) = F{\x\) and 
satisfy the following conditions: V{x) = if |x| < ao, and 

< V{x) < , ,^72 I I ' kl > «o (86) 

|xpm \x\ 

with certain oq, 7 > 0. We can take 7 = 1/3 in i) and 7 = l/(3ai) in ii), iii). 
According to ([27]), 

N_{Sv) = N.{Sn,v) + N.{Sj^y) 
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for radial potentials. It follows from the proof of Theorem l7.1l or from Lemma 
4.1 in [20] that one can choose Oq > large enough to get N_{£j^y) = 0. We 
assume below that oq > 1 and that the last equality holds. Then 

N.{Sv) = N.{Sx,g), 

where G(t) = e^*F(e*) (see (128|) and (130|) ). The usual approximation argu- 
ment shows that N_{Sx,g) = ^-(^Wi.g), where ^-Hi.g denotes the form (130|) 
with the domain 

Ui := lue VTo loc W : / 1^? dt+ -^^ dt< oo 
Note that (l86l) is equivalent to 

< G'(t) < p^, t > ai :=lnao > 0. 

We assume throughout the proof that G{t) = for t < ai. 

It follows from the above that it is sufficient to prove the theorem with 

N_{Sni^aG) in place of N_{£av)- 

Let < a < 6 < oo. We denote by £niia,b),Gy ^g ^"^^ ^Hi{b,oo),G the forms 

defined by fl30l) on the domains 



ni{a,b):={ueni: u{a) = = u{b)}, W^{{a,b)), and 
ni{b, cx)) := {u e Hi : u{t) = 0, t<b} 

respectively, and we also use the following notation 

S-/[u]:= I \u'{t)\'dt-/3p-^dt, Bom{S;^') = W^{{a,b)). (87) 

i) Let G{t) = l/(3t2) for ai < t < as and G{t) = l/{At^) for t > Oa, where aa 
is chosen in such a way that 

1 «2 A7 /^o.r 3\ . 11 /(iV-3/4)7r' 

^^^ = ^(2iV--j., .e. 3 = 4+1^^^ 

Let a G (3/4, 1). We will need two auxiliary functions ui and U2 that solve 
the equation u" + aGw = on (— oo, ai), (ai, aa), and (oa, +oo). On each of 
these intervals, G has the form const/t^, and the change of the independent 
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variable s = Int reduces the equation to an ODE with constant coefficients. 
Let 



1 1- VT^a 

/^i-=\/--4. ^^2■.= , 

pa^ sin(/ii Inai + (5), t < ai, 
'^i{t) '■= { pt^/^sin(/iilnt + 5), ai < t < 02, 
t'^^ t>a2, 

{0, t < fli, 

t^/^sin(/ii(lnt -Inai)), ai < t < 02, 
4/'-'^^ sin (/ii In 21) tM2^ t>a2, 

where the constants p,6 & M. are chosen in such a way that Ui (02 " 0) = 
Ui{a2 + 0), Mi(a2 — 0) = u[{a2 + 0). It is easy to see that Ui G "Hi and 
M2 G ^i(oi, 00) are indeed solutions on the above intervals and that Mi(ai — 
0) = Mi(ai + 0), ^2(02 ~ 0) = ^2(02 + 0). Integration by parts gives the 
following 

S-Huaciui, u) = 0, Vn G 7/1(01), in particular, £ni,aG{ui, U2) = 0, 

^■HuaG{u2, u) = 0, Vu G ^1(01, 02), 

^-Hi,qg[mi] = Mi(ai)(Mi('^i - 0) - u[{ai + 0)) 

= — p^ sin^(/ii In ai + (5) I - + /ii cot(yUi In ai + 5) 



2 

^■Hi,aG[u2] = Ui{a2){u2{a2 - 0) - ^2(02 + 0)) 

2 1 , a2\ fl , ^ f ,02 



sin yUi In — ^2 + f^i cot /ii In — 

ai / V2 V «i 



If a is close to 1, then pi In — is close to 



ln^=riV--l7r, 



2^3 ai V 4 

and hence ^-Hi,aG[^2] > 0. The condition 

u[{a2-0) _ <(q2 + 0) 

Ml(«2-0) Mi(a2 + 0) 

is equivalent to 1/2 + /ii cot(/ii In 02 + 5) = p2- Again, if a is close to 1, then 
fi2 < 1/2 is close to 1/2. Hence cot(/ii In 02 + 5) is a small negative number. 
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i.e. /ii lna2 + 5 = (m + l/2)7r + e, where e is a small positive number and 
m E Z. Consequently, 

/ii In ai + 5 = {m + l/2)7r + e — /ii In — 

ai 

is close to {m — N + 1 + l/4)7r + e, and ^-Hi.aGl^i] < 0. 

It is easy to see that any u G Hi admits a unique representation 

u = diUi + ^2^2 + Uq, di, d2 G C, Uq e 7/1(01, 02), 

and it follows from the above that 

£ni,aG[u] = \di\'^Sni,aG[Ul] + \d2\'^Snr,aG[u2] + ^ni,aG[Uo]- 

Since S-u-^^aG[ui] < and £ni,aG[u2] > 0, we have 

N_{Sn„aG) = 1 + N_{Sn,ia„a,),aG) 

= 1 + iV_ (£';:;3"^) + iV_ {Sn,ia„oo),aG) = 1 + {N - 1) + = N, 

where the penultimate equality follows from Lemma 111.11 (see below) and 
Hardy's inequality (see, e.g., [TH Theorem 327]). Hence 

N^{Sn,,G)= lim N^Sn^aG) = N. 
On the other hand, 

N_{Sm,aG) > N^ {£ni{a2,oo),aG) = +00, Va > 1, 

where the last equality holds because aG > 1/4 on (a2, oo) (see, e.g.. Lemma 

[in]). 

ii) Take any ao E {0,ai), Nq = 0, and define 02, as, . . . successively by 



iln^^=fiV,_i + 2 + iu, ken. 



Let 



Then 



2(ak + afc-i) 4 afc V 2 



'^(^) •= 7T7 \ VJ^ ' ak<t< ttfc+i. A; G N. 



47 



due to Hardy's inequality, and 
due to Lemma ni.li 



iii) Take /cn G N such that 



E 



1 - Ofc+l / 1 



< - 



,>,„_! «^^+l - «^- 



and set /3fc := ak^-i+k, /c = 0, 1, . . . 



/3- 



2(/3,+/3,_i) 4 






1_ /1_^A. 



^'•'■" 2 "2 2Y/3.+1 + /3.' 

e.:=^/^<^, A:6N,j = l,...,fc. (89) 

i> Pk — Pk-1 y 



Define a2, 03, . . . successively by 



/ii,fcln^^ = 7r + efe, A; G N. 



Then 



^^^'-^■*''"^"V5(ftTft:o-3'"v 



'2 -/?,•- /3,-„i , , / 1-/3,- , 



/3,-/3,_i ^ ^^ V /5^--A 



'i-i 



jy 
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Let 



Git) :- 



ttk < t < ttk+i, k E N. 



Similarly to part i) of the proof, define 

pi,ia/ sin(/ii,fc,i In ai + (5i,i), t < ai, 



Ul,k{t) 



< 



pijt^/^ sin(/ii,fcj Int + 6ij), aj < t < Oj+i, 

J 



1, . . . , /c, 



( 0, 



^ > Ofc+i, 



M2,fc(^) := < 



P2,jt^^^ sin(/ii^fcj Int + 52j) 



t < ai, 

ai < t < 02; 

ttj < t < ttj^ 
J = 2, . . . , k, 



. P2,A.-a].+i ^"''^ sin (/ii,fc Inofc+i + ^2,^) t^''^ i > Ofc+i, 
where the constants pij, 6ij G M, / = 1, 2 are chosen in such a way that 

UiA^j - 0) = ui,k{aj + 0), Mi,fc(aj - 0) = u[,,{aj + 0), j = 2, . . . , /c + 1, 
^2,fc(aj - 0) = U2,kiaj + 0), ^2 fc(aj - 0) = U2^fc(«j + 0), j = 2, . . . , /c. 

If /c = 1, one needs to define ■U2,fc in a slightly different way, which is closer 
to the definition in part i): 



0, 



M2,i(t) : = 



t < «!, 

Oi < t < a2. 



t-^/^ sin(/ii i(lnt — Inoi)), 

al^^'"''' sin (/ii,i In f^) r^'\ t > 02- 



It is easy to see that ui^k G ^-1 and M2,fc ^ 7^1(01,00) are solutions of the 
equation u"+/3kGu = on the intervals (—00, ai), {uj, a^+i), j = 1, . . . , /c, and 
(afc+i, +00), and that Mi,fc(ai-0) = Mi,fc(ai+0), M2,fc(afc+i-0) = M2,fc(afc+i+0)- 
Exactly as in part i), any u G "Hi admits a unique representation 

U = diUi^k + C?2M2,fc + Mo, C?i, ^2 G C, Mq G 7/1(01, Ofc+l), 

and one has 
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^-Hi,/3fcG[«l,fc] - 

-pi 1 sin^(/ii,fc,i In ai + 5i,i) ( - + /ii,fe,i cot(/ii,fc,i In ai + 5i 



7. I 1 -I- Ho 7. I I 



^-Hi,/3fcG[M2,fc] = P2,fcSin^(AH,fclnafc+i + ^2,fc)(- - At2, 
+/ii,feCot(/ii,fclnafc+i + 52,fc)j, k>l 

2 ( 1 Q2\ /^l , , ( ,0,2 



sin /ii.i In — - - /i2,i + /ii,i cot /ii,i In — 

Similarly to part i), it follows from fl59]) that £'-Hi,/3ig[^2,i] > 0. Let us show 
that S-Ui,f3kG[u2,k] > for /c > 1 as well. It follows from (188|) and (190|) that 
M2,fc has exactly one zero in (ai, 02) and that 

0.2 1 — /3l TT 

TT + d < /ii.fc,l In — < TT + 27r — < TT + - . 

oi Pj - Po 4 

The condition 

^2,fc(Q2-0) ^ M2,fc(Q2 + 0) 
M2,fe(a2-0) n2,fc(a2 + 0) 

is equivalent to 

/ii,fc,i cot ( fJi^k,! In — ] = /ii,fc,2 cot(/ii,fe,2 In 02 + 52,2)- 
Since pi^k,! > fJ'i,k,2, we get 

71" < /^i,fc,2 In 0-2 + ^2,2 + "^TT < fii^k,i In — < TT + 27r ■ 



oi /3i - /3o 

for some m E Z. Using flSSj) and fl^ again, we see that U2^k has exactly one 
zero in (02, 03) and that 

27r < /ii,fc,2 In as + ^2,2 + mvr < 27r + 27r ( ^ + 1- ) < 27r + - . 

Continuing the above argument, we show that ■U2,fc has exactly one zero in 
each interval (a^-, ctj+i), j = 1, . . . , fc, and that 

kn < /ii,A: In Cfc+i + ^2 fc + "-TT < /cTT + 27r V^ -5 ■;r~ < kn + - 

~[ Pi - Pi-i 4 
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for some n ^TL. This inequality implies that ^•Hi,/3feG[^2,fc] > 0. 

Our next task is to show that f^-^^^^^^cfui fc] < 0. Suppose the contrary: 

^-Hi,&G[wi,fc] > 0. Then there exists £ G Z such that 

CJfc := arccot ( 1 < /ii^fc^ilnoi + 5i,i + ^tt < vr. 

It follows from dHHD and ^ that 

cjfc + vr < li\,k,\ In ^2 + ^1,1 + ^TT < 27r + 27r — , 

Pj — Po 

and one shows as above that 

l-/3i 



Uk + IT < /ii,fc,2 In a2 + (5i,2 + rmr < 27r + 27r ■ 



7r 



/9,-/9o 
for some ?Ti G Z. Continuing as above, one gets 

^ ]_ _ fl. 

Uk + kn < fiikhiak+i + Sik + nn < (A; + l)7r + 27r Y^ -5 -r^— < (A; + l)7r + - 

~^ Pj - Pj-i 4 

for some n & Z. Then 

either - + fii^k cot(/ii,fc In ak+i + ^^i,a;) < 
or - + yUi,fcCot(yUi,fclnafe+i + di,fc) > -. 

On the other hand, the condition 

<,fc(Qfc+i - 0) _ <,fc(Qfc+i + 0) 
ui,k{ak+i - 0) Mi,fc(afc+i + 0) 

is equivalent to 

- + /ii,fe cot(/ii,fc In Ofc+i + 5i,fe) = /i2,fc e (0, 1/2). 

The obtained contradiction shows that £^->^^^^^G[ni fc] < 0. Now it follows from 
dSH) that 

N-{£Hi,PkG) = 1 + iV-(^-Hi(ai,afc+i)AG) 
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where the last equahty follows from Hardy's inequality. It is easy to see that 

(see ([90]) and Lemma ITTAh . If iV_ {S^^Ig'^') > k, then there exists A < 

and a nontrivial solution u G Vt^2^((ai, a/c+i)) of u" + {f3kG + \)u = that 
has k zeros in (ai,afc+i) (see, e.g., [22| Ch. I, Theorem 3.3] or |32l Theorem 
13.2]). Then U2,k has to have at least k + 1 zeros in {ai,ak+i) (see [221 Ch. 
1, Theorem 3.1] or [32l Theorem 13.3]). On the other hand, we have shown 
that M2,fc has exactly k zeros in (ai,afc+i). Hence A^_ {^T'g'''^^) cannot be 

= k + 1. Finally, 



larger than k, i.e. A^_ (i^^^^*"^^) = k, and N_{£ui,i3kG) 



N_{£- 



'Hi,ak+iG) 



N^{£- 



Hi,akG) 



N_{£ 



■Hi, 13, 



k-kQ+2 



G)-N_{£ni. 



fcO + l 



G 



) 

VA; > ko. 



h- 



U 



Lemma 11.1. The following equality holds for the form (1871) 

0, /3< i- 



iV_ (£ 



-•a.b 



In- 



iV, 



Nn 
Inii 



</3< 



/(7V+l)7r 
I Inii 



N eN. 



->a,b 



Proof £0'" is the quadratic form of the self-adjoint operator Ap := — J^ — ^ 

on L2{[a, b]) with the domain W2^([a, b]) fl VTg^ ((a, b)) . The spectrum of A^ is 
discrete and consists of simple eigenvalues. It follows from Hardy's inequality 
that the eigenvalues are positive for /3 < 1/4. As (3 increases, the eigenvalues 

move continuously (see, e.g., [121 Theorem V.4.10]) to the left, and A^_ [£ 



->a,b 



increases by one when an eigenvalue crosses 0. This happens for those values 
of (3 for which is an eigenvalue of Ap, i.e. when 



-u --U 



0, u{a) =0 = u{b), 



">! 



has a nontrivial solution. The change of the independent variable s = Int 
reduces this equation to an ODE with constant coefficients, and one finds 
that the solutions of the original equation that satisfy the condition u{a) = 
are multiples of 

t^/^sinf \l/3~-{\nt-\na) 
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The latter satisfies the condition u{b) = if and only if 

D 

Acknowledgement. This work has been strongly influenced by Michael 
Solomyak and I am very grateful for his advice. I am also grateful to Alexan- 
der Grigor'yan, Ari Laptev, and Yuri Safarov for very helpful comments and 
suggestions. A part of the paper was written during my stay at Institut 
Mittag-Leffler. The unique working conditions provided by its Research in 
Peace programme are gratefully acknowledged. 

References 



[1] 

[2] 
[3] 
[4] 

[5] 
[6] 



[7: 



[9 



R.A. Adams, Sobolev Spaces. Academic Press, New York, 1975. 

C Bennett, Intermediate spaces and the class Llog'''L, Ark. Mat. 11 
(1973), 215-228. 

F.A. Berezin and M.A. Shubin, The Schrodinger Equation. Kluwer, Dor- 
drecht etc., 1991. 

M.Sh. Birman and A. Laptev, The negative discrete spectrum of a two- 
dimensional Schrodinger operator, Commun. Pure Appl. Math. 49, 9 
(1996), 967-997. 

M.Sh. Birman and M.Z. Solomyak, Spectral Theory of Self- Adjoint Oper- 
ators in Hilbert Space. Kluwer, Dordrecht etc., 1987. 

M.Sh. Birman and M.Z. Solomyak, Estimates for the number of negative 
eigenvalues of the Schrodinger operator and its generalizations. In: Esti- 
mates and Asymptotics for Discrete Spectra of Integral and Differential 
Equations. Adv. Sov. Math. 7 (1991), 1-55. 

K. Chadan, N.N. Khuri, A. Martin and T.T. Wu, Bound states in one 
and two spatial dimensions. J. Math. Phys. 44, 2 (2003), 406-422. 

A. Cianchi, Moser-Trudinger trace inequalities. Adv. Math. 217, 5 (2008), 
2005-2044. 

A. Grigor'yan and N. Nadirashvili, Negative eigenvalues of two- 
dimensional Schrodinger operators, ( ]arXiv:1112.4986, version 1). 

53 



[10 

[11 

[12 
[13 
[14 
[15 

[16 

[17; 

[18 
[19 



[20 

[21 
[22 



A. Grigor'yaii and N. Nadirashvili, Negative eigenvalues of two- 
dimensional Schrodinger operators, (to appear. [arXiv:1112.4986p . 



A. Grigor'yan, Yu. Netrusov and S.-T. Yau, Eigenvalues of elliptic op- 
erators and geometric applications, Surveys in Differential Geometry IX 
(2004), 147-218. 

P. Grisvard, Commutativite de deux foncteurs d'interpolation et appli- 
cations. J. Math. Pures Appl. IX, Ser. 45 (1966), 143-290. 

M. de Guzman, Differentiation of Integrals in W^. Springer, Berlin- 
Heidelberg-New York, 1975. 

G.H. Hardy, J.E. Littlewood, and G. Polya, Inequalities. Cambridge 
University Press, Cambridge, 1988. 

J. A. Hempel, G.R. Morris and N.S. Trudinger, On the sharpness of a 
limiting case of the Sobolev imbedding theorem. Bull. Aust. Math. Soc. 
3 (1970), 369-373. 

T. Kato, Perturbation Theory for Linear Operators. Springer, Berlin- 
Heidelberg-New York, 1966. 

N.N. Khuri, A. Martin and T.T. Wu, Bound states in n dimensions 
(especially n = 1 and ri = 2), Few Body Syst. 31 (2002), 83-89. 

M.A. Krasnosel'skii and Ya.B. Rutickii, Convex Functions and Orlicz 
Spaces. P. Noordhoff, Groningen, 1961. 

A. Laptev and Yu. Netrusov, On the negative eigenvalues of a class of 
Schrodinger operators. In: V. Buslaev (ed.) et al.. Differential Operators 
and Spectral Theory. M. Sh. Birman's 70th anniversary collection. Prov- 
idence, RI: American Mathematical Society. Transl., Ser. 2, Am. Math. 
Soc. 189(41) (1999), 173-186. 

A. Laptev and M. Solomyak, On the negative spectrum of the two- 
dimensional Schrodinger operator with radial potential, Comm. Math. 
Phys. (to appear). 

A. Laptev and M. Solomyak, On spectral estimates for two-dimensional 
Schrodinger operators, (to appear. iarXiv:1201.3074|) . 

B.M. Levitan and I.S. Sargsyan, Sturm- Liouville and Dirac Operators. 
Kluwer, Dordrecht etc., 1990. 



54 



[23 
[24 

[25 
[26 
[27; 
[28 
[29 

[30 

[31 

[32 
[33 



V.G. Maz'ya, Sobolev Spaces. With Applications to Elliptic Partial Dif- 
ferential Equations. Springer, Berlin-Heidelberg, 2011. 

V.G. Maz'ya and T.O. Shaposhnikova, Theory of Sobolev Multipli- 
ers. With Applications to Differential and Integral Operators. Springer, 
Berlin-Heidelberg, 2009. 

S. Molchanov and B. Vainberg, On negative eigenvalues of low- 
dimensional Schrodinger operators, (to appear. [arXiv: 1105.09370 . 



S. Molchanov and B. Vainberg, Bargniann type estimates of the counting 
function for general Schrodinger operators, (to appear. FarXiv: 1201 .31350 . 

J. Peetre, Espaces d'interpolation et theoreme de Soboleff, Ann. Inst. 
Fourier 16, 1 (1966), 279-317. 

M.M. Rao and Z.D. Ren, Theory of Orlicz Spaces. Marcel Dekker, New 
York, 1991. 

M. Solomyak, Piecewise-polynomial approximation of functions from 
H^[[0,lY), 2£ = d, and applications to the spectral theory of the 
Schrodinger operator, Isr. J. Math. 86, 1-3 (1994), 253-275. 

M. Solomyak, Spectral problems related to the critical exponent in the 
Sobolev embedding theorem, Proc. Lond. Math. Soc, III. Ser. 71, 1 
(1995), 53-75. 

M. Solomyak, On a class of spectral problems on the half-line 
and their applications to multi-dimensional problems, (to appear, 
[jFXiv: 1203. 1156.) . 



J. Weidmann, Spectral Theory of Ordinary Differential Operators. 
Springer, Berlin etc., 1987. 

W.P. Ziemer, Weakly Differentiable Functions. Sobolev Spaces and Func- 
tions of Bounded Variation. Springer, Berlin etc., 1989. 



55 



